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A non-linear analysis of the inviscid stability of the common surface of two
superposed fluids is presented. One of the fluids is a liquid layer with finite thick-
ness having one surface adjacent to a solid boundary whereas the second surface
is in contact with a semi-infinite gas of negligible density. The system is ac-
celerated by a force normal to the interface and directed from the liquid to the
gas. A second-order expansion is obtained using the method of multiple time
scales. It is found that standing as well as travelling disturbances with wave-

numbers greater than
s Ky = k1 + 3022 + atki,

where a is the disturbance amplitude and k, is the linear cut-off wave-number,
oscillate and are stable. However, the frequency in the case of standing waves
and the wave velocity in the case of travelling waves are amplitude dependent.
Below this cut-off wave-number disturbances grow in amplitude. The cut-off
wave-number is independent of the layer thickness although decreasing the
layer thickness decreases the growth rate. Although standing waves can be
obtained by the superposition of travelling waves in the linear case, this is not
true in the non-linear case because the amplitude dependences of the wave speed
and frequency are different. A mechanism is proposed to explain the over-
stability behaviour observed by Emmons, Chang & Watson (1960).

1. Introduction

Lamb (1932, §231) pointed out the unstable behaviour of the common
boundary of two semi-infinite inviscid incompressible fluids in a normal accelera-
tion field directed from the denser to the lighter fluid. His results indicate that,
in the absence of surface tension and viscosity, an oscillatory initial disturbance
grows exponentially with time. The rate of growth is given by

[g'% (p—p")p +p)]E
where ¢’ is the acceleration, k&’ is the wave-number of the disturbance, and p
and p’ are the densities of the denser and lighter fluids respectively. The results
of Lamb (1932, § 267) indicate that surface tension stabilizes disturbances with
wave-numbers above k, = [¢'(0—p')/T1}, where T is the surface tension.

Taylor (1950), neglecting surface tension, extended the analysis of Lamb to
the case where the denser fluid has a finite thickness with incompressible fluids on

both sides. Although one of the surfaces of the heavier fluid is stable, it was
assumed initially to be flat but was allowed to distort. Lewis (1950) reported
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experimental results on the instability of the interface of two fluids conducted
with large accelerations normal to the interface so that surface tension effects
can be neglected. These results agree with the analysis of Taylor within experi-
mental scatter.

Bellman & Pennington (1954) showed that the effect of surface tension is to
produce a cut-off wave-number above which disturbances oscillate and below
which disturbances grow. They also found that viscosity dampens the oscillatory
disturbances, and diminishes the rate of growth of unstable disturbances. How-
ever, viscosity by itself cannot make the rate of growth go to zero. Allred,
Blount & Miller (1954) performed experiments, using two fluids with densities
close to each other, to study the effects of surface tension. Their growth rates are
a factor of two below those of Bellman & Pennington.

All of these theories are applicable for short times (to amplitudes of the order
of 0-4), where A is the disturbance wavelength). Beyond this amplitude, Lewis
(1950) observed that the denser fluid will form narrow thin spikes into the lighter
fluid, while the lighter fluid forms bubbles that move into the denser fluid. To
explain these later developments, Ingraham (1954), neglecting surface tension,
obtained a second-order solution which shows the distortion of sinusoidal waves.

Emmons et al. (1960) reported a combined experimental and analytical study.
Their experimental results indicate that disturbances grow at the cut-off wave-
number, k,. Moreover, disturbances corresponding to wave-numbers above £,
exhibit an ‘overstability’ behaviour (a standing oscillation of the waves with
amplitude increasing in time). However, only a single oscillation was observed
before monotonic growth occurred. In their analysis, they neglected the lighter
fluid and considered a semi-infinite fluid to obtain a third-order expansion. Their
second-order term tends to infinity as the wave-number approaches k,. Moreover,
their expansion for wave-numbers larger than k, is valid only for short times,
and hence cannot be used to explain the overstability behaviour.

Rajappa (1967) presented an expansion using the method of straining of co-
ordinates (Lighthill 1949) to obtain a uniformly valid expansion for all times.
However, his analysis is not valid near k,. Because of his invalid expansion near
k., he obtained an incorrect amplitude dependence for the cut-off wave-number.

All of the non-linear analyses were carried out for standing waves in a semi-
infinite fluid. In this paper we consider non-linear analysis of standing as well
as travelling waves in a finite liquid layer. We obtain a uniformly valid expansion
for large times using the method of multiple time scales (Nayfeh 1965, 1968)
for wave-numbers near and larger than k,. We determine a fourth-order cut-off
wave-number. For wave-numbers less than k, we present an expansion valid for
short times. Possible mechanisms for the explanation of the overstability be-
haviour are discussed.

2. Mathematical formulation

We consider the stability of theinterface of an inviscid liquid layer of thickness
k', and a semi-infinite gas. We assume that the second face of the liquid layer is
always adjacent to a solid face, and the density of the gas is small compared with
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that of the liquid. We assume that the flow is two-dimensional, and the z- and
y-axes are in and normal to the undisturbed interface. We assume that the
motion of the whole system is started from rest, and we consider a simple standing
or travelling sinusoidal disturbance with amplitude @ and wave-number k’. We
non-dimensionalize distances, velocities, and time by 1/%', (¢'/k’)}, and (¢'k’)~}
respectively, where ¢’ is the acceleration normal to the interface and directed
from the liquid to the gas. Thus, if primes and unprimes denote dimensional
and non-dimensional quantities respectively, then

h=WE, z=ka, y=ky, t=@kl, ¢=rig-it, (2.1

where ¢ is the velocity potential function.
In terms of these non-dimensional quantities, the velocity potential is given by

¢zzx+¢yy =0, (2.2)
for —w<x<w, N>y= —h, t=0,

where 7(x, t) is the non-dimensional surface displacement in the y direction. At
the solid/liquid interface the normal velocity vanishes, i.e.

¢,(x,y,t)=0 at y=—h. (2.3)

The liquid/gas interface moves with the liquid,
Ne—NePet Py =0 on y =10 (2.4)
If the gas pressure is neglected, then the dynamic boundary condition at the
nterface i3 = et B B =1 412 (2.5)
on y = 7(x,t), where k=1kk, (2.6)

and k, is the linearized cut-off wave-number, i.e.
k, = (og'|T)%. (2.7)

The parameter k can be interpreted as the ratio of the surface tension force to
the gravity force. The initial conditions are

7{x,0) = ecosz, (2.8)
ez, 0) = 0, (2.9)
where €=ak'. (2.10)

Since the problem is non-linear, one cannot Fourier-analyze an arbitrary initial
condition. Consequently, the present theory is applicable only to the case where
the initial condition is given by (2.8).

To find an approximate solution for small e to (2.2)-(2.9) we Fourier-analyze
n(xz,t) and ¢(x,y,t). Thus, we let

n(x,t) = e[n,(f) e 47, () e7%]
+ €%[175(8) €27 + 7y(t) e~27]
+ €2, (t) + ..., (2.11)
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where a bar denotes complex conjugation. Hence, (2.2) and (2.3) lead to
B, y,t) = e[Py(t) €= + By (t) e~*] cosh (y + &)
+ €2 y(t) €%+ Bo(t) €7%] cosh 2(y + k)
+e2@,(t) + ... (2.12)
Substituting (2.11) and (2.12) in (2.4) and (2.5) and keeping only terms of third
order in ¢ lead to dn
E1+¢lsinhh = €2+ 0(e?), (2.13a)
f = @17, cosh b+ Ld, n2sinh b — 2,7, cosh 2k — ¢, 9,7, sinh k, (2.13b)
¢1coshh (k2 —1) 9, = 29+ O(€%), (2.144a)

g = 24, ¢, cosh 3k + 24, §, 9, sinh 2k — 3£2737, — 27, P, sinh 2h
— @ nnicoshh— 2P coshh— @ n,sinhh, (2.14b)

%4- 2¢,sinh 2k = — 29, ¢, cosh k + O(e), (2.15)

¢2 cosh 2k — (4k2— 1) 9, = — 12— 7, ¢} sinh b+ O(e), (2.16)
df, _

S2=0, (2.17)

d¢2 = ¢y, cosh 2h— (¢ 7+ @1 7;) sinh b, (2.18)

To obtain an apprommate solution to (2.12)-(2.16) we use the method of
multiple time scales (Nayfeh 1965, 1968). Thus we assume that

718) = N10(To, T2) + €2912( T, T) + -, (2.19)
P1(t) = @10(To T5) + €20 12(T, Tp) + - (2.20)

where Ty =t and T, = ¢%. We assume similar expansions for 9,(t) and @,(t)
Substitution of (2.19) and (2.20) in (2.13) and (2.14) leads to equations for 7,
and ¢, whose solutions contain arbitrary functions of the time 7. These arbitrary
functions are determined by requiring that e2y,, and €*¢,, be small corrections
to 7, and ¢,, respectively for all 7. In other words, 7,,/%,, and ¢,,/¢,, are
bounded for all T}. Since we shall be interested in second-order uniformly valid
solutions, we need only to inspect the equations for 7, and ¢,, without solving
for them in order to determine the arbitrary functions in 7,5 and ¢,,. In the next
two sections, we will determine expansions for travelling and standing waves,
respectively.

3. Expansion for travelling waves

In this section we consider travelling waves; i.e. 7, ¢,, 7,, and ¢, are complex
functions. Substituting (2.19) and (2.20) in (2.13) and (2.14) leads to

0
7710+¢ms,1nhh =0, (3.1)

o¢
61}0 coshh—(k2—1)9,, = 0, (3.2)
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0 0
7712+ $rosinhh = f(T,, Ty) — 877,_;0, (3.3)
¢12 hh— (k2—1 = g(T,, T G h#.
T, 7 COS ( ) = 9(To, To) — 3T cos (3.4)
The equations for 7,, and ¢,, are
0
3230 + 2¢,08inh 2k = — 27,4 ;o cosh h, (3.5)
0 , .
a—q;ffcosh 2h — (42— 1) Ngq = — 320 — 10 P10 Sinh A, (3.6)
The general solutions of (3.1) and (3.2) are
N0 = A(Ty) €770, (3.7)
1o = — 104 A(T,) €t%Ts/sinh b, (3.8)
where = (k*—1)tanhh. (3.9)
Substituting (3.7) and (3.8) in (3.5) and (3.6) leads to
(’;Zﬁ‘) + 2649 8inh 2k = 2407y A2 coth h €2i0eTo, (3.10)
2 A2 p2i0,T,
¢20° cosh 2k — (4k2— 1) 9y = EO;:Te}sz — g3 4% e?9 T, (3.11)

The solutions of (3.10) and (3.11) are
2

. o .
Ngo = B(Ty) e'#Lo +/¢2—210'(2)AZS e2i7oTo, (3.12)
= W tu T __ 9§ 2 4205, T,
Do 2S1nh2hB(T)e + h2h [cothh ’uz_“_%S]A e¥To, (3.13)
where M2 = 2(4k%—1) tanh 2h, (3.14a)
tanh 23

Elimination of ¢,, from (3.3) and (3.4) yields

o 2 3f 10
— -2
aT2+0'07]12 T, gtanhh Tl (3.15)
Using (2.13b), (2.14b), (3.7), (3.8), (3.12)—(3.14), we get from (3.15)
o ; ’ 2 1) o, T
3T2+0'07]12 = (—2i0, A" — 80y0,.A24) €¥70To, (3.16)
where
So? 2 cosh 3A
— 2 —_— —
Ty=g {,u e [cothh+ coth Zh—i—tamhk(Sinhhsi K9 5)]

2 cosh 3A

(2 coth 2hcothh + m

) 8 —3k%tanh h/o‘%} . (3.17)
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The ratio of 7y, to 7, is unbounded as T\, — oo because the particular solution
of (3.16) is proportional to 20,(tA’+40,4%4)Tyexp (20,T,). In order that
12/70 be bounded for all T}, we require that

tA'+40,A4%4 = 0. (3.18)

Letting A(T}) = 1C(T,) [expi8(T,)] in (3.18) leads to
C(T,) = constant, (3.19)
0(Ty) = C?o,Ty+ 0, (3.20)

where 0, is an arbitrary constant.
Using the initial conditions (2.8) and (2.9) we find that

28
7(x,t) = ecos (x+ ot) + %62/:% [cos 2(x + ot) — cos (2 + ut)] + O(€3),
- 0

(3.21)
where o = o4+ €a,+ O(63). (3.22)

In (3.21) we assumed that B(T}) is a constant within the order of error indicated.
Tt is clear that, for positive 02, (3.21) represents travelling oscillatory waves with
wave speeds of o and x. On the other hand, for negative 03, travelling waves are
not possible, and disturbances are unstable as will be shown in the next section.
Expansion (3.21) is not valid when o, = O(¢) because ¢20, and 7, are of the same
order, and o — oo as oy — 0. Thus, we cannot determine the cut-off wave-number
from (3.22). We will determine the cut-off wave-number, and an expansion valid
when o, = O(¢) in §§ 5 and 6, respectively.

If the layer thickness is infinite or k" — co; i.e. b - o0, then

€? k-1
) =3 a1
2 [ B—-1 3 k?

= (k2—1)* €l _gr—1 o K 3
o= (k*-1) {1+8 L1 2k2—1+2}}+0(6)' (3.24)

7(x,t) - ecos (x+ at [cos 2(x + ot) —cos (22 + ut)] + O(e%), (3.23)

Moreover, if k — oo (i.e. capillary waves), then
2
7(x,t) = ecos (x + at) — % [cos 2(zx + ot) — cos (2x + 28kt)] + O(e?),  (3.25)

o=k [1 —16—26] (3.26)

4. Expansion for standing waves
In this section, we consider standing waves; i.e. 7,, 7,, ¢; and ¢, are real.
The general solutions for 7,, and ¢,, are
Mo = A(Ty) €70To + A(Ty) e=iTo, (4.1)

10,

¢10 = — sohh [A eiraTo— 4 e“i”'oTo]. (4.2)
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where 0% = (k*— 1)tanh k. Using (4.1) and (4.2), we find that the solutions of
(3.5) and (3.6) are

2 —
Tgo = 20'0782 (A2 g2i70To 4 A2 g—2ioeTy)
w4 4.3
298 anh oh (24— L) Ad+ B(Ty) Tt B(Ty) €407, o
ra an + Snhih (Ty)e e
Pop = A coth b — 738 (AzeziaoTo_gz e~2io0Ts)
0™ sinh 2k wi—402
o (4.4)

—_ 1:/,14 Ty B —iuTy
28inh2h(Be Be )

Substituting (4.1)-(4.4) in (3.15) leads to

?}%+ 03 pa = (= 2i0y A’ — 320, 5, A2 A) 7ol 4 (2icry A' — 320, 5, A2A4) e~ono}

+ terms proportional to [exp ( + 3i0,Ty), exp (+i0,T,+iuT)],

(4.5)
1 028 h 3%
Fy = %o {2ﬂ 004 5 [2 coth b+ coth 2h +tanh h (sin%sinh%_ 2%)]
10?2 1
— —2_/7‘2’ (2 + Th) (coth &+ tanh ) tanh 2k — k2 tanh hjo3 } (4.6)
3 1_coshdn
coth & coth 2h — 2 sinh k sinh 2h L

In order that #,,/7,, be bounded for all 7|, we require the vanishing of the
coefficients of e*%To on the right-hand side of (4.5). Thus,

1A'+ 165,424 = 0. (4.7)

Letting A(T,) = 1C(T},) expi0(T,), where C and 8 are real functions, we get
C(T,) = constant, (4.8)
O(T,) = 4026, T, +6,, (4.9)

where , is an arbitrary constant.
Using the initial conditions (2.8) and (2.9), we get

7z, t) = ecos ot cosx+e2P(t) cos 2z + O(e%), (4¢.10a)
1 o8 102 1
P(t) = Z/m (COS 201—00S/I«t) 4qu (2+m) (]. —COS/,tt) (4.106)
and o = 0+ €20,+ 0(ed). (4.11)

The function B(T}) is assumed to be a constant in (4.10) within the order of

error indicated. If ¢} is positive, and not near zero, (4.10) is valid for times as

large as O{e¢~%), and represents oscillatory standing waves with frequencies o

and . On the other hand, if o3 is negative, (4.10) represents growing waves, and

it is valid only for short times. As time increases, the second-order term becomes

of the same order and then dominates the first-order term contrary to our
40 Fluid Mech. 38
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assumptions about the orders of magnitude when we carried out the expansions.
Moreover, (4.11) is not valid when k—1 = O(e?) because, as k— 1, o> 00. We
will obtain an expansion valid when k—1 = O(e?) in § 6.

Limiting cases

For an infinite layer thickness or &' — o0, i.e. & — 00,

(x,t) = s otcosx + €2 L k-1 (cos 20t t)+1ﬁi(l—c s ut)
7(x,t) = ecosoteosz+¢ ~4opEg 1 (Cos 20t —cosut)+7 1y 08
x cos 2z + O(e%), (4.12)
2
o =0, (1 —%ﬂ) +O(e8), (4.13)

where 0} = k2—1, y? = 2(4k*—1), and
9 k2 3k? k-1
B = b 2 (4.13a)

Equations (4.12) and (4.13) agree with those of Rajappa (1967).
Squaring (4.13) yields

o? =0} (1 —583/3) +0(e?). (4.14)

Although o — o0, ¢% tends to a finite value. Therefore, Rajappa assumed
(4.12) and (4.14) to be valid for all k. Letting ¢ = 0, he obtained the following
equation for the cut-off wave-number:

k? = 1+%6e24+ 0(e3). (4.15)

However, although o2 is finite as £ — 1, it is still not valid when £2—1 = O(e?)
because the order-of-magnitude assumptions used in carrying out the expansion
do not hold. Not only is the ratio of the second term to the first term not much
smaller than one, but it may be much larger than one. Moreover, expanding
(4.12) and (4.13) for small et at & = 1 gives

7 = €(1 + £e%?) cosx + 63 (cos 2. 64 — 1) cos 3z, (4.16)
whereas the straightforward expansion at k = 1 yields
7 = €(1 +3€6%?) cosx + §3€? (cos 2. 63 — 1) cos 3. (4.17)

Hence the expansions (4.12) and (4.13) are not valid when £2—~1 = O(¢?), and
consequently the cut-off wave-number given by (4.14) is incorrect.
If we expand the cos ot and cos 20¢f in (4.12) for small ¢, we get

1 k2-1

7(x, t) = ecoso’otcosx+ez[—zm(

cos 20yt — cos ut)

1 k2-1

62
tiaE—1

1- cos,ut)] cos 2z + %’ﬂt singytcosx. (4.18)

The first two terms in (4.18) agree with those obtained by Emmons et al. (1960),
and the third term here agrees with a similar term in their third-order expression.
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It is clear that, for positive o3, the third term in (4.18) is of the same order as
the first- and second-order terms when ¢% = O(1) and ef = O(1), respectively.
Therefore this expansion is valid only for short times, and breaks down for
times as large as O(¢~'); consequently it cannot be used to explain the over-
stability behaviour observed by Emmons et al. (1960).

If & - oo, we get the capillary waves

2

t) =
7(z, t) ecoscrt+16

(1 + cos ut — 2 cos 2at) cos 2z + O(e3t), (4.19)

where ut=8k% o =k(l-—§?). (4.20)

5. Stationary solution, cut-off wave-number
For stationary solutions, (2.4) and (2.5) become

Py = G2l (5.1)

7+ k(1 +72)~F = 32+ ¢5) (5.2)

on y = 5(x). We let 7(x) = ecosx+ €3y, + €Sy, + ..., (5.3)
P(x,y) = edo(x, y) +*P1(%, y) + (5.4)

k2 =1+¢e%,+eta,+.... (5.5)

Substituting (5.3)—(5.5) in (2.2), (5.1) and (5.2), we find that

Pz, y) =0 for n=0,1,2,.... (5.6)
The equation for 7, is
N3+ 75 = (0, —3) cosz + § cos 3. (5.7)

In order that %4/, be bounded for all z, and hence yield a uniformly valid ex-
pansion for all , we require the vanishing of the secular producing term in (5.7).
Hence o = 3. (5.8)
The solution of 7, is N3 = — ¢4 COS 3. (5.9)
With (5.9) the equation for 5, becomes

75+ 15 = (ay+ %) cosz + higher harmonics. (5.10)
In order that %4/%, be bounded for all z, we require that
ay, = —&L. (5.11}
Summarizing, the cut-off wave-number is given by
k% = 1+ e —£Le1+ O(e8); (5.12)
or in dimensional quantities:
k2 = K1+ 3a2k? + £50%3] + O(a®). (5.13)

This cut-off wave-number is different from the one obtained by Rajappa (1967).
40-2
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6. Expansion valid near k = 1

As discussed in §§ 3 and 4, expansions (3.21) and (3.22) for travelling waves,
and (4.10) and (4.11) for standing waves are valid for times as large as (e72) if o
is positive and not near zero. As 0y — 0 (k - 1), cand & - c0. When k — 1 = O(e?),
€20, in (3.22) and €26, in (4.11) are of the same order as o, contrary to our implicit
assumption that €20, and €%, are small corrections to o.

To determine an expansion valid when k—1 = O(e?), we notice that, although
To=1t=0(Q), 0,T, = 04t = O(c). Hence the appropriate time scales in this case
are T} = et and T, = ¢%. We find here the variation of #(z,t) and ¢(x,y, ) with
respect to the time scale 7] which we denote by 7. We let

k?2—1 = ae?, (6.1)

where &« = (1) and may be positive or negative.
Equations (4.1)—(4.4) indicate that 7,y = O(1), ¢,o= 0(0,), 75 = O(c}) and
Pao = O(0,). Therefore we assume the following expansions:

M) = N1o(T) +€M15(7) + -, (6.2)
Pq(t) = edio(T) + ..., (6.3)
No(t) = €¥go(T) + ..., (6.4)
Po(t) = dgo(T) + ... (6.5)

Substituting these expansions in (2.12)—(2.16) leads to the following equations
for 9,y and ¢,q:

d .

~—ng0 +¢yo8inh b = 0, (6.6)
d _
'_5710 cosh b —ang = — 393710 (6.7)

Eliminating ¢,, from (6.6) and (6.7) leads to

am
dr?

+ (19— 5730 710) tanh b = 0. (6.8)

For travelling waves, we let 7,, = 12(1) ¢?"), separate real and imaginary
parts in (6.8), and obtain d6/dr = 0, (6.9)

2
(h—2+(az—%z3) tanh k = 0. (6.10)

d2

Equation (6.9) shows that the travelling waves are reduced to standing waves
because 0 is a constant. Therefore, analysis of (6.10) yields solutions for travelling
as well as standing waves. From (2.8) and (2.9), we get

2z(0)=1 and dz(0)/dr = 0. (6.11)

A first integral of (6.10) using (6.11) is

2
(?l;) = S tanh A(22— 1) (224-1— 162/3). (6.12)
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Since z(7) is real and 2(0) = 1, z cannot decrease from 1 if (16«/3—-1) < 1,
otherwise dz/dr will be imaginary. As a result dz/dr is positive, and hence z
increases without limit. In this case, we have instability, and the solution of
(6.11) and (6.12) is (Pierce & Foster 1957, pp. 73-4)

sn—1(1/z,b,) = sn1(1,b,) —1(3tanh h)ir, (6.13)
for b2 = 160/3—1,b, < 1. In the case of b = 1—16a/3, the solution of (6.11) and
(6.12) becomes  op~111 [z b,(1 +52)~1] = 1[3(1 +52) tanh h]} 7. (6.14)

On the other hand, if 16a/3—1 = b > 1, then 22 is bounded between 0 and 1. In
this case, we have stability, and the solution of (6.11) and (6.12) is

sn1(z,1/b,) = sn~1(1, 1/b,) — }(3 tanh )} b,r. (6.15)
Therefore a=32 (6.16)

separates the stable and unstable regions. Using (6.1), we find that the cut-off
wave-number is given by k=142, (6.17)

which is in agreement within O(e?) with the cut-off wave-number we obtained
earlier (equation (5.12)).

7. Discussion and conclusions

The present theory shows that the cut-off wave-number is amplitude
dependent, contrary to the predictions of the linear theory of Bellman & Penning-
ton (1954). The cut-off wave-number is given by

ky = kJ1+ 3ak2 + £La%ki]t + O(af), (7.1)
where k, is the linear cut-off wave-number and @ is the disturbance amplitude.
Therefore disturbances with wave-numbers equal to £, still grow.

In non-dimensional quantities, and for k—1 = O(e?), y < 2, travelling waves

are given by 7, 1) = € cos[(0 + €%05) L + ] + O(e?), (7.2)

whereas standing waves are given by
7(z,t) = €cos (0 + €2F,) t cos x + O(e2). (7.3)

For k > k. jk, but k— 1 = O(e?), the wave velocity of a travelling wave is so slow
that it appears as a standing wave. The solution for # in this case is

n(x,t) = ez(t; €) cosx+ O(e?), (7.4)

where z(t; €) is periodic and given by an elliptic integral.

Therefore travelling as well as standing disturbances with wave-numbers
larger that k, oscillate with time-independent amplitudes and hence are stable.
However, the wave velocity in the case of travelling waves and the frequency
in the case of standing waves are amplitude dependent. For large b and £k,
0y = —i5k and &, = —4Zk. As k decreases the difference between ¢, and &,
decreases, and vanishes when k— 1 = O(e?). Hence, the non-linear standing waves
(7.3) cannot be obtained by the superposition of the travelling waves (7.2) as
in the linear case.
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Equation (7.1) shows that the cut-off wave-number is independent of the layer
thickness. However, decreasing the layer thickness decreases the growth rate
of unstable disturbances, and hence is stabilizing.

The physical model used in the present theory, as in the theories of Emmons
el al. (1960) and Rajappa (1967), does not explain the overstability behaviour
observed by Emmons ef al. (1960). They observed that disturbances with & > 1
oscillate in time with an ever-increasing amplitude; whereas the theory indicates
oscillations with time-independent amplitudes.

To explain the overstability behaviour, let us first describe briefly the experi-
mental apparatus of Emmons ef al. (1960). They used an apparatus consisting
of an aluminium frame with glass front and back walls. The frame is partially
filled with liquid, and restrained to move in a vertical direction between two
guide columns, They accelerated this frame and its contents by holding the frame
at the top of the two guides by a steel wire while tension was applied to rubber
tubes attached to the bottom of the frame. They began the runs by passing
an electric current through the steel wire, melting it and releasing the frame.
Since the force applied by the rubber tubes is proportional to their extensions,
the acceleration applied to the frame and its contents is

J = zpw'tcosw't’ —g,, (7.5)

where g, is the gravitational acceleration and z, and w’2 are the initial extension
and the spring constant of the rubber tubes. Equation (7.5) shows that the
acceleration applied to the system by the rubber tubes is not constant, and hence
we take its time variation into account in the following analysis.

If we assume that

g =z0—gy, ¢ =229, e=gly, ©=u0'(gk)H, (7.6)
then (2.5) is modified to
— (¢’ coswl—e)n — G+ H(P3+ $3) = k(1 +73)7E. (7.7)

Then (3.2) becomes
aun cosh b — [k2+e—q' cos wTy] 9,9 = 0. (7.8)
aT,

Eliminating ¢,, between (3.1) and (7.8) leads to

wm
oT?

+(8—2gcos2T) 5, = 0, (7.9)

where T' = 30T, 8 = 4(k?+e)tanh hjw?, and ¢ = 2¢’ tanh A /w?. Thisis the familiar
Mathieu equation (Whittaker & Watson 1962, pp. 404-28) which has stable or
unstable solutions depending on the values of § and ¢, and hence the disturbance
wave-number and the rubber spring constant. The unstable solutions are
either oscillating with exponentially growing amplitudes, or non-oscillating
exponentially increasing. Since there were small variations in the initial con-
ditions (Emmons, Chang & Watson 1960), it is possible that one of these wave-
numbers, or the primary wave-number, corresponds to an unstable solution
of (7.9), and hence produced the overstable behaviour.
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Another possible explanation for the overstability behaviour is the interaction
among different Fourier components which might be present due to the small
variations in the initial conditions. However, the limitation imposed by (2.8)
on the theory does not allow the assessment of this possibility.
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